
BASIC DIGITAL FILTERS

Basic Digital Filters

One Pole Filter

Difference Equation:
y[n] = b0x[n]− a1y[n− 1] (1)

Transfer Function:

H(z) =
b0

1 + a1z−1
(2)

Complex Frequency Response:

H(ejω) =
b0

1 + a1e−jω
(3)

Magnitude Response:

|H(ejω)| =

√
b20

1 + a2
1 + 2a1 cos(ω)

(4)

Phase Response:

∠H(ejω) =

{
atan2(a1 sin(ω), 1 + a1 cos(ω)) for b > 0

atan2(a1 sin(ω), 1 + a1 cos(ω)) + π for b < 0
(5)

Real Part:

<{H(ejω)} =
b0 + a1b0 cos(ω)

1 + a2
1 + 2a1 cos(ω)

(6)

Imaginary Part:

={H(ejω)} =
a1b0 sin(ω)

1 + a2
1 + 2a1 cos(ω)

(7)

First Order Filter

Difference Equation:
y[n] = b0x[n] + b1x[n− 1]− a1y[n− 1] (8)

Transfer Function:

H(z) =
b0 + b1z

−1

1 + a1z−1
(9)

Complex Frequency Response:

H(ejω) =
b0 + b1e

−jω

1 + a1e−jω
(10)
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Biquad BASIC DIGITAL FILTERS

Magnitude Response:

|H(ejω)| =

√
b20 + b21 + 2b0b1 cos(ω)

1 + a2
1 + 2a1 cos(ω)

(11)

Phase Response:

∠H(ejω) = arctan

(
− (b1 − a1b0) sin(ω)

b0 + a1b1 + (b1 + a1b0) cos(ω)

)
(12)

Real Part:

<{H(ejω)} =
b0 + a1b1 + (b1 + a1b0) cos(ω)

1 + a2
1 + 2a1 cos(ω)

(13)

Imaginary Part:

={H(ejω)} = − (b1 − a1b0) sin(ω)

1 + a2
1 + 2a1 cos(ω)

(14)

Biquad

Difference Equation:

y[n] = b0x[n] + b1x[n− 1] + b2x[n− 2]− a1y[n− 1]− a2y[n− 2] (15)

Transfer Function:

H(z) =
b0 + b1z

−1 + b2z
−2

1 + a1z−1 + a2z−2
(16)

Complex Frequency Response:

H(ejω) =
b0 + b1e

−jω + b2e
−2jω

1 + a1e−jω + a2e−2jω
(17)

Magnitude Response:

|H(ejω)| =

√
b20 + b21 + b22 + 2(b0b1 + b1b2) cos(ω) + 2b0b2 cos(2ω)

1 + a2
1 + a2

2 + 2(a1 + a1a2) cos(ω) + 2a2 cos(2ω)
(18)
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General Direct Form Filter BASIC DIGITAL FILTERS

General Direct Form Filter

Difference Equation:

y[n] =
M∑

k=0

bkx[n− k]−
N∑

k=1

aky[n− k] (19)

Transfer Function:

H(z) =

∑M
k=0 bkz

−k

1 +
∑N

k=1 akz−k
(20)

Let:

ca = 1 +
N∑

k=1

ak cos(kω), sa =
N∑

k=1

ak sin(kω), cb =
M∑

k=0

bk cos(kω), sb =
M∑

k=0

bk sin(kω) (21)

Complex Frequency Response:

H(ejω) =
cb − jsb

ca − jsa

=

∑M
k=0 bke

−jkω

1 +
∑N

k=1 ake−jkω
(22)

Magnitude Response:

|H(ejω)| =

√
c2b + s2

b

c2a + s2
a

(23)

Phase Response:
∠H(ejω) = atan2(sb, cb)− atan2(sa, ca) (24)
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